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Abstract 
Let &[X] denote the multiplicative semigroups of manic polynomials in one indeterminate 
X, over a finite field 4. We determine for each tixed q, the asymptotic average number of 
distinct degrees of the irreducible factors of a polynomial of degree n in $[X]. The results are 
of relevance to various polynomial factorization algorithms. @ 1999 Elsevier Science B.V. All 
rights reserved 
1. Introduction 
Let f&Y] denote the multiplicative semigroup of manic polynomials in one inde- 
terminate X over a finite field with q elements. Many deterministic as well as proba- 
bilistic factorization algorithms for polynomials in l?JX] require that a distinct degree 
factorization of the polynomial be performed as an initial step. This method factors a 
polynomial f into factors fd such that fd is the product of all the irreducible factors 
of degree d. See, e.g. [lo, pp. 429-43 l] and more recently [l-3,7,11]. Further refer- 
ences can be found in Shparlinski [12, Ch. 11. If a given polynomial f in l!$Y] has 
k irreducible factors of r different degrees, then at most r polynomials fd require fac- 
torization (if not already irreducible) and a further k - r irreducible factors need to be 
extracted in order to obtain the complete factorization of f It is therefore of interest 
to determine the average value of r and to compare this to the known average values 
for the number of irreducible factors, or of distinct irreducible factors of such polyno- 
mials. In the sequel, the value r will be termed the number of irreducible degrees of a 
polynomial. 
Our main result below illustrates the perhaps surprising fact that on average the 
distinct degree factorization of f in fq[X] is already rather close to the full factorization 
off. 
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2. Results 
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As is well known there are q” manic polynomials of degree n in lE&Y] and 
n(n) = 7&q) = + c p(d)q”‘d 
din 
(1) 
manic irreducible polynomials of degree n, where p(.) denotes the Mobius function. 
The principal result of the paper is the following: 
Theorem 1. The number r of irreducible degrees of a polynomial of degree n in fq[X] 
has mean value 
logn+y+cl(q)-A(q)+0 i 
0 
as n-+oo, 
where y is Euler’s constant, 
cl (4) = E (Nr) - 4’lr)C < 0 
r=l 
and 
A(q) = 2 ((1 - q-y+) - 1 + F) . 
m=l 
(2) 
In addition almost all polynomials of degree n have approximately logn irreducible 
degrees (i.e. the normal order is log n). 
Remarks. It is well known (see [8] and the references therein) that the average number 
o(n) of distinct irreducible factors of f in gq[X] of degree n is 
logn+y+cl(q)+O k , 
0 
n-+oo. 
From this we deduce 
Corollary 1. The average number of distinct irreducible factors exceeds the average 
number of irreducible degrees of a polynomial of degree n in L$[X] by an amount 
that approaches the constant 
A(q) = 2 ((1 - q-“)“‘“’ - 1 + F) 
m=l 
as n approaches infinity. 
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In addition (see [8]) the corresponding average Q(n) for the total number of irreducible 
factors (including multiplicity )is 
where 
O<c*(q& 71(r) 
),=, 4’(4’ - 1)’ 
Hence also as n -+ co, the total number of irreducible factors of f of degree n in Eq[X] 
exceeds the number of irreducible degrees on average by 
A(q) + cz(q). 
A table of approximate values for these constants for small values of q is given 
below. 
4 cl(q) c2(q) A(q) A(q) + 44) 
2 -0.4522339 1.1417854 0.3717492 1.5135347 
3 -0.2439834 0.5569674 0.4939232 1.0508907 
4 -0.1660084 0.3644586 0.5436804 0.9081390 
5 -0.1254551 0.2697086 0.5705894 0.8402980 
7 -0.0840230 0.1766655 0.5989254 0.7755909 
8 -0.0720594 0.1505106 0.6072862 0.7577968 
9 -0.0630602 0.1310491 0.6136335 0.7446827 
co 0 0 0.6598155 0.6598155 
A related problem of interest is to determine the proportion L,(q) of polynomials of 
degree n in gq[X] for which the distinct degree factorization is the full factorization of 
f. It is shown in [9] that 
Jl%L,(q)-L(q)= fi (1 + T) exp(-l/m). 
WI=1 
Furthermore, L(q) >0.39 for q 22 and L(q) + e-’ as q ---f 00. Corollary 1 now shows 
that the remaining set of polynomials of degree n in @X] are also “close” to having 
a distinct degree factorization on average. 
Further results related to the above can be found in the recent paper of Flajolet 
et al. [4]. 
3. Analysis 
Let af(X) denote the degree of f(X) in fq[X]. 
Let P, denote the set of manic irreducible polynomials of degree n in Eq[X]. Thus 
IP, I = +I. 
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Let p(n,k) denote the number of polynomials in F&Y] of degree n with exactly k 
different degrees of irreducible factors. As is familiar the generating function for the 
number of manic polynomials of degree n in QX] is 
1 O” -= 
1 - qx l-II-I 
(1 +.@+x2+ +x3%J + . . .) 
m=l PEP, 
= fit1 _ Xm)-n(m), 
m=l 
(3) 
To obtain the bivariate generating function for p(n,k) we tag with y the product 
over p E Pm for each m, with the exception of the case that no irreducible factor of 
degree m appears. This leads to 
Ax, Y) := c p(n,k)x”yk 
n.k 
= ; 1 + y $ (1 + xap +x2+ + x3ap + . . .) - 1 
i?l=l ( ( m 0 
= ; (1 + y((1 -X*)--n(m) - 1)). (4) 
m=l 
Alternatively, we may deduce (4) from the general formula obtained by Wilf [ 13, 
Eq. (12)] for objects of size n in combinatorial structures whose parts have k different 
sizes. 
Now, let p(n) denote the average number of irreducible degrees of a polynomial of 
degree n in @&Xl. We obtain by differentiation 
03 
c 
n=l 
p(n)q”x” = $p(x, y)l,=l 
= fi(l _ Xm)-*(m) X(1 _ x”)“‘“‘((l -p-n(m) - 1) 
m=l ItI> 
= i’ C(l - (1 -P)@)). 
m>l 
(5) 
A point of particular interest concerning this generating function is that it admits the 
circle [xl= i as a natural boundary. Consequently, the technique of singularity analysis 
as developed recently by Flajolet and Odlyzko [5] cannot be applied in this case. Instead 
our analysis will be based on asymptotic estimation of sums, 
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We have 
(1 -x-,Tl--,-‘={~(~(~))(-x~)~} {&Y}. 
Hence, 
n 1ni’mJ 
= C C (_l)r+l “‘,“’ q-mr 
m=l i-1 ( > 
n n(m) = c 
??I=1 
F ‘g_1)‘(4+.. 
qrn m=l t-2 
As shown for example in [8] 
n n(m) c- 
??I=1 4” 
=w(n)= logn+y+c,(q)+O ; ) 0 
(6) 
where o(n) is the average value of the number of distinct irreducible factors of f of 
degree IZ in @JX]. It remains therefore to estimate the double sum. 
It will be useful later to note that the exact formula (1) for n(n) provides the bounds 
(see e.g. [9, p. 2241]), 
qn - 2q”‘2 <m(n) <q”. 
Firstly, for n 2 mx(m) we have 
(8) 
~,l,r(~l-,)q-~r =(I _ q-m)n(m) _ 1+ 5!!$. 
i-2 
Next for n <mz(m), 
g(_l).(B(:y..=(l _q-m)e”‘) - lf 9 
It follows from (8) that m 2 log, n in this case, and 
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Now m”lm is a decreasing function of m for log, n < m <n/2 and so achieves a minimum 
at m = n/2. Consequently, 
m 
c 1 
r= [n/m] + I 
-=o ; . 
m’r! ( ) 
Hence, 
g~(-llr(~lm))q-.r=~ ((l-y-~)=(Ll+~) +0(i) 
DC, 
=C( 
(1 
Ill=1 
-q-m)+) - 1+ Y) +0(i) 
+o (^( c nl= jn/2j + 1 (I_q-m)7w_l+~ . )I 
By (8) the last sum is 
Hence, 
w(n)-fi(n)=A(q)+O i , 
0 
where 
A(q)= F ((1 - q-y(m) - 1 + F) 
m=l 
and the first part of Theorem 1 follows. 
Note that if we let q + CO then ?r(m)/q” + l/m for each m, and 
A(q)4A = g(e-t/m - 1 + l/m) 
m=l 
where i(j) denotes the Riemann zeta function. 
This same constant gives the excess as n + 00 of the average number of cycles in 
a random n-permutation over the average number of distinct cycle lengths [13]. 
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In addition since [ 1 - (1 - xm )ncm) ]/( 1 - qx) is the generating function for the num- 
ber of polynomials of degree n in Fq[X] with at least one irreducible factor of degree 
m, it follows from [5] that the average value p(n) is equal to the sum of the pro- 
portions of manic polynomials of degree n having at least one irreducible factor of 
degree m, m= 1,2 ,... n. 
By contrast the expression 
It n(m) 
o(n)= C 4” 
??I=1 
implies that o(n) is the sum of proportions of polynomials of degree m that are 
irreducible, m = 1,2,. . . , n. 
Let p(f) be the number of irreducible degrees of a given f in fq[X]. The variance 
of the number of different degrees of irreducible factors for polynomials of degree n 
in fq[X] is q-” &f=n(p(f) - jj(n))2 which is given by the formula 
CVI $dx, y)lv=, { 1 + P(n) - P(n12. 
To prove the result about the normal order of p(f) it is sticient to show that 
b%-“$P(x. Y)lY==l N jS2(n) - log2 n (10) 
since then the claimed result follows from Chebyshev’s inequality. 
Now, 
$p(x,y)=-.$ 
i 
p(x,y)g (1 -x”)-rc(m)- 1 
m=, 1 + Y((1 -xrn)-*Cm) - 1) 1 
. 
Hence, 
$P(XT Y&=1 
1 (i c0 =- c (1 - 1 - 
qx 
(1 -Xm)=(m)) 
m=I 
1 
2 
- 2(1 - (1 -Xm)n(m))2 1 . 
m=l 
Firstly, we consider 
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Let 
cc Lx 
c a,q"x" := c (1 - (1 -qX(m)) 
fl=l m=l 
Therefore, 
anqn = n(n) + C 
din 
d>l 
Now, 
(by (8)) 
Hence by (8), 
a,=!+0 L 
n 0 n2 . 
Now Theorem 1 implies that with an explicit constant c(q) = y + cl(q) -A(q), 
P(n)= logn + c(q) + 0 
0 
; as n-boo. 
Thus, 
n-l 
Q,, = C q’aiq”-‘jY(n - i) 
i=l 
= qn { 
+’ log(n - i) c 
i=l 
i +o@) +o~glQ?~y. 
(11) 
(12) 
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As shown for example in [8, p. 1151, 
n-’ log@ - i) c i = log2 n + O(log n). 
i=l 
It follows that 
Qn = q”{log2 n + O(log n)}. 
Now, consider 
For 14 G l/q by W, 
m= 1,2,3 ,.... 
Hence B(x) is absolutely convergent for Ix]< l/q and it follows that 
R, = O(q”). 
From (13) and (14), (10) follows. 
We note that with some additional work (13) can be improved to 
(13) 
(14) 
Qn = q”(log* n + k(q) log n + 0( 1)) (15) 
with c(q) as previously defined. 
Then by substituting (12), (14) and (15) into (9) we obtain for the variance the 
estimate log n + 0( 1 ), as n ---) 00. 
Finally, we remark that results of Flajolet and Soria [6] 
of irreducible factors of polynomials of degree n in gq[x] 
distribution. The corresponding limit distribution for the 
degrees is the subject of a further work currently in progress 
P. Grabner. 
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